Zeno effect of the open quantum system in the presence of 1/f noise by He, Shu et al.
ar
X
iv
:1
71
0.
02
11
0v
1 
 [q
ua
nt-
ph
]  
5 O
ct 
20
17
Zeno effect of the open quantum system in the presence of 1/f noise
Shu He1,,∗ Chen Wang2,,† Li-Wei Duan3, and Qing-Hu Chen3‡
1 Department of Physics and Electronic Engineering,
Sichuan Normal University, Chengdu 610066, China
2 Department of Physics, Hangzhou Dianzi University, Hangzhou, Zhejiang 310018, China
3 Department of Physics, Zhejiang University, Hangzhou 310027, P. R. China
(Dated: October 2, 2018)
We study the quantum Zeno effect (QZE) and quantum anti-Zeno effect (QAZE) in a two-level
system(TLS) interacting with an environment owning 1/f noise. Using a numerically exact method
based on the thermo field dynamics(TFD) theory and the matrix product states(MPS), we obtain
exact evolutions of the TLS and bath(environment) under repetitive measurements at both zero and
finite temperatures. At zero temperature, we observe a novel transition from a pure QZE in the short
time scale to a QZE-QAZE crossover in the long time scale, by considering the measurement induced
non-Markvoian effect. At finite temperature, we exploit that the thermal fluctuation suppresses the
decay of the survival probability in the short time scale, whereas it enhances the decay in the long
time scale.
PACS numbers: 03.65.Ge, 02.30.Ik, 42.50.Pq
I. INTRODUCTION
The quantum Zeno effect(QZE) and quantum anti-
Zeno effect (QAZE), that the dynamical evolution be-
come slowed down and accelerated by frequently mea-
suring the quantum system respectively, have been ex-
tensively considered as powerful strategies to imple-
ment the quantum control including quantum informa-
tion protection[1], decoherence suppression[2], purifica-
tion and cooling[3]. Early investigations of the QZE in
open quantum systems were restricted to some exactly
solvable models, under the assumption of rotating wave
approximation(RWA) and Markovian approximation, in
which results were only reliable with the weak system-
bath coupling and short time limit of the bath memory
[4–6]. Recently, studies based on the polaron transfor-
mation and perturbative expansion, have already exhib-
ited that the conter-rotating terms (CRTs) play a sig-
nificant role for both QZE and QAZE[7, 8]. Moreover,
numerical studies, e.g., the hierarchical equations of mo-
tion(HEOM) method, indicate that non-markovianity of
the bath may be favorable for the accessibility of the
QZE[9]. However, these approaches often only become
available for bath with Ornstein-Uhlenbeck-type correla-
tion function[10–13]. Therefore, it is of great importance
to develop an exact method to analyze the QZE/QAZE
in the open quantum system coupled to a dissipative en-
vironment with arbitrary spectrum function.
1/f noise, a representative spectrum case of the bath,
describes the environment with a spectral density scales
inversely proportional to the frequency[14]. It is en-
countered in broad areas, such as quantum dots in
semiconductor systems[15], Josephson qubits in Cooper-
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pair box[16] doped silicon in electron-spin-resonance
transistors[17] and electrons on liquid helium[18]. Typi-
cally, 1/f noise is used to describe the quantum fluctua-
tion of a qubit, which is induced by charge fluctuations
in various quantum computer implementations, e.g.,
trapped ions[19] and superconducting qubits[16]. How-
ever, due to the long time correlations of the 1/f noise, the
frequently adopted Markov approximation[20, 21] in the
theory of the open quantum system, breaks down. More-
over, recently realization of strong and ultrastrong cou-
plings between qubit and its environment[22, 23] can not
be described by the rotating wave approximation(RWA).
Hence, an exact description of the QZE of an open quan-
tum system in the presence of the 1/f noise bath will
be appreciated both from theoretical and experimental
views. Besides, one of the assumptions widely used in
previous studies of QZE, demonstrates that each mea-
surement projects the system together with its environ-
ment to their initial state. This assumption is valid when
the system-environment coupling is weak or the mea-
sure frequency is fast enough such that the environment
could hardly evolves between measurements. Our previ-
ous study[24] has already showed that such measurement
induced non-Markovian effect leads to a qualitative mod-
ification of the QZE and QAZE in Ohmic and sub-Ohmic
environments. Hence, due to the long-time correlations
of 1/f noise bath, such measurement-induced disturbance
on the environment should not be ignored. Moreover,
at finite temperature, it has been shown that the tem-
perature plays an important role on the crossover from
QZE to QAZE[25]as well as the formation of the Zeno
subspace[26–28]. Thus, it is natural to raise an inter-
esting question: how does this measurement-induced en-
vironmental disturbance affects the QZE(QAZE) in the
1/f noise bath? What is the influence of the temperature
on the QZE(QAZE) in the 1/f noise bath?
To address the above-mentioned problems, we employ
a highly efficient and numerically exact method, to study
2the QZE and QAZE of a two-level system interacting
with a 1/f noise bath. It is based on a recently pro-
posed time-dependent variational principle (TDVP) for
matrix product states (MPS)[29]. By releasing the orig-
inal assumption which ignores the disturbance of mea-
surements on the environment, we show that repeti-
tive measurements drive both TLS and the bath to a
non-equilibrium dynamical steady state. By increasing
the system-environment coupling strength, we observe a
novel transition from a pure QZE to a crossover of QZE-
QAZE at zero temperature. Moreover, We generalized
our study to the finite temperature case by combining
the MPS-TDVP method with the so-called thermo field
dynamics method(TFD) which has been used recently in
the study of electron-vibrational dynamics [30, 31]. We
find that the thermal fluctuations raise an additional sup-
pression of decay of the survival probability in the short
time regime, whereas it enhances the decay rate in long
time scale. However, Such combination of two effects
blurs the crossover of QZE-QAZE.
This paper is organized as follows. In Sec II, we briefly
introduce the MPS-TDVP method combined with TFD
to deal with the finite temperature dynamics for the
open quantum system. We show the validity of the ap-
proach by comparing with generally recognized results,
which were obtained from the numerically exact HEOM
method. In Sec III, we use previously introduced method
to study the quantum Zeno dynamics in a 1/f noise
bath at zero temperature by taking consideration of the
measurement-induced disturbance. Finally, we general-
ized our study to the finite temperature case in Sec IV.
We close this paper with a short summary in Sec V.
II. MODEL AND METHODOLOGY
A. Thermofield dynamics theory
In this work, we consider a spin-boson model of a
qubit(TLS) interacting with the environment described
by harmonic oscillators. The Hamiltonian is described
as:
H = Hsys +Henv +Hint
Henv =
∑
k
ωka
†
kak
Hint =
1
2
Aˆ
∑
k
gk(a
†
k + ak) (1)
where Hsys is the qubit Hamiltonian and a
†
k (ak) denotes
the bosonic creation(annihilation) operator correspond-
ing to the environmental mode with frequency ωk. gk is
the coupling strength between qubit and each mode in a
linear interaction form of the displacements a†k+ ak mul-
tiplying a qubit operator Aˆ. Throughout this paper, we
assume the initial state is a product state with environ-
ment in its thermal equilibrium:
ρ(0) = |ψsys〉〈ψsys| ⊗ Z−1 exp (−βHenv) (2)
where β = 1/(kBT ) and kB is the Boltzmann constant.
According to the thermo-field dynamics(TFD) method
introduced first in Ref.[32, 33], the time evolution of the
Hamiltonian (1) at finite temperature can be described
by a TFD Schro¨dinger equation of a modified Hamilto-
nian Hˆ defined in an enlarged Hilbert space with double
degree of freedom to the original physical Hilbert space:
Hˆ = H + H˜ (3)
where H˜ is called fictitious Hamiltonian, written as:
H˜env =
∑
k
(−ωk)b†kbk (4)
b†k(bk) are creation(annihilation) boson operators defined
in the fictitious Hilbert space with the same (but neg-
ative) frequency ωk as the physical bath Henv. Note
that since the qubit is initially uncoupled to the envi-
ronment, its degree of freedom has already been removed
from the fictitious Hilbert space[30]. By further applying
a temperature-dependent Bogoliubov transformation[34,
35], one can define a new group of bath annihilation and
corresponding creation operators:
Ak =
√
n¯k + 1ak −
√
n¯kb
†
k
Bk =
√
n¯k + 1bk −
√
n¯ka
†
k (5)
where n¯k =
(
eβωk − 1)−1 is the mean thermal occupa-
tion number of the physical mode ωk. The initial TFD
wave function corresponding to (2) in the transformed
representation can be simply written as:
|ψ(0)〉 = |ψsys〉 ⊗ |0(β)〉 (6)
where |0(β)〉 ≡ |0〉|0˜〉 is the vacuum thermal state for the
physical(and fictitious) bath. The total Hamiltonian for
the TFD evolution after the transformation reads:
Hˆ = Hsys + H˜env + H˜int
H˜env =
∑
k
ωk
(
A†kAk −B†kBk
)
H˜int =
1
2
Aˆ
∑
k
gk
(√
nk + 1(A
†
k +Ak) +
√
nk(B
†
k +Bk)
)
(7)
Since the Bogoliubov transformation only affects on
bath modes, the expectation value of an arbitrary opera-
tor of the qubit Osys can be straightforwardly calculated
under TFD framework:
〈Osys(t)〉 = Tr
[
〈ψ(t)|Osys|ψ(t)〉
]
(8)
3B. MPS-TDVP method
In the following, we use time-dependent matrix prod-
uct state(tMPS) method to efficiently simulate the wave
function dynamics of the Hamiltonian (7). Since MPS-
based methods work particularly well on one-dimensional
model with short-range interaction, we first transform it
into a representation of an one-dimensional semi-infinite
chain with nearest interaction. This can be realized
by using an orthogonal polynomial mapping for both
(A†k, Ak) and (B
†
k, Bk) bath modes(see details in Ref.
[36]). Thus finally, we obtain our final working Hamilto-
nian:
Hˆ =Hsys +H
R +HL (9)
HL =−
∑
k
ǫLk c
†
kck −
N∑
k=0
tLk
(
c†kck+1 + c
†
k+1ck
)
+
1
2
κL0 Aˆ(c
†
k + ck) (10)
HR =
∑
k
ǫRk d
†
kdk +
N∑
k=0
tRk
(
d†kdk+1 + d
†
k+1dk
)
+
1
2
κR0 Aˆ(d
†
k + dk) (11)
where c†k, ck and d
†
k, dk are new bosonic operators trans-
formed from B†k, Bk and A
†
k, Ak defined in Eq.(5).
ǫL,Rk , t
L,R
k and κ
L,R
0 can be determined with well-defined
procedure[36] by corresponding temperature renormal-
ized spectral functions JL,R(ω):
JL(ω) =
∑
k
g2kn¯kδ(ω − ωk) = J(ω)
(
eβω − 1)−1
JR(ω) =
∑
k
g2k(n¯k + 1)δ(ω − ωk) = J(ω)
(
1− e−βω)−1
(12)
where J(ω) =
∑
k g
2
kδ(ω − ωk) is the spectral function
of the physical environment for the original Hamilto-
nian (1). It has been confirmed that [37, 38] MPS-
based methods are highly efficient and reliable to sim-
ulate the dynamics of such Hamiltonian which demon-
strates an one-dimensional chain structure with near-
est interactions. Moreover, instead of using the tradi-
tional evolution method of MPS, we employ the recently
proposed time-dependent variational principle(TDVP)
method[29] to simulate the evolution. This method de-
rives an optimal equation of motion for each site of the
one-dimensional chain by projecting the the Schro¨dinger
equation onto the tangent space of the MPS manifold
based on the Dirac-Frenkel variational principle. On
the one hand, it shares a similar form with the orig-
inal MPS algorithm based on the the Suzuki-Trotter
decomposition[39] which evolves the wave function site
by site with small time steps δt. On the other hand,
TDVP avoids direct decomposition of the propagating
FIG. 1: (Color online) Diagrammatic description of our nu-
merical method. (a) The original Hamiltonian of the open
quantum system of a qubit coupling to its environment(boson
mode a) (b) To ensure the efficiency of the MPS basis, the
temperature effect is introduced by adding a group of ficti-
tious bath modes(boson mode b) according to the TFD the-
ory. (c) Both physical and fictitious bath modes are further
mapped into a half-infinite chain of boson modes c, d with
only nearest interactions.
operator U(t) = e−iHchainδt thus the error raises only in
the integration scheme. Recently, TDVP has been used
to capture the essential long time dynamics of thermaliz-
ing quantum systems[40] and quantum spin systems with
long-range interactions[41].
In summary, the methodology adopted in this paper
can be described with the following steps(as depicted in
Fig.(1)): Firstly, according to the TFD method, the orig-
inal Hamiltonian (1) is modified to (7) by adding a ficti-
tious environment to incorporate the finite temperature
effect. Then, Hamiltonian (7) is further mapped onto
a one-dimensional chain representation (11) with only
nearest interactions. At last, the MPS-TDVP method
is applied to simulate the evolution of Hamiltonian (11).
Specially, cL0 = 0 for zero temperature case, thus the
Hamiltonian (11) reduces to the semi-infinite chain struc-
ture which is used in our previous study[24] of QZE in
power-law spectral environment at zero temperature.
C. Numerical examples
In order to show the validity of our numerical method,
we compare our numerical results with the benchmark
result obtained by HEOM[10, 42]. The Hamiltonian of
the qubit Hsys and the coupling operator Aˆ in (1) are
chosen as:
Hsys =
∆
2
σx Aˆ = σz (13)
40 5 10 15
∆t
-0.5
0
0.5
1
〈σ
z〉
T = 10-3∆
T = ∆
T = 2∆
T = 5∆
FIG. 2: (Color online) The time evolution of the qubit popula-
tion inversion 〈σz(t)〉 in an Ohmic bath for different tempera-
tures. Solid lines are results from MPS-TDVP-FTD method.
The hollow marks are results of numerically exact HEOM
method collected from Fig(3) in Ref[43]. Other parameters
are η = 0.4, ωc = 4∆.
The spectral function of the bath is assumed to be an
Ohmic form with the Debye regulation:
J(ω) = ηωω2c/(ω
2
c + ω
2) (14)
where η is the coupling strength and ωc is the cut-off
frequency. We calculate the evolution of the expectation
σz(t) = Tr [σzρsys] of the qubit and compare results of
our numerical method with those obtained from HEOM.
As depicted in Fig(2), it shows a good agreement in a
large range of temperature. Different from HEOM, our
numerical method is not limited to the form of the bath
spectral function. Thus we will apply this reliable nu-
merical method to simulate Zeno dynamics of a qubit in
a 1/f noise bath.
III. QZE AND QAZE OF AN OPEN QUANTUM
SYSTEM IN 1/F NOISE BATH
Now we turn to the QZE and QAZE in an open quan-
tum system of a qubit interacting with a 1/f noise bath.
This situation can be described by Hamiltonian (1) with
Hsys and Aˆ defined in (13). The spectral function of 1/f
noise is specified as[14]:
J(ω) =
α
ω
Θ(ω − ω0)Θ(ωc − ω) (15)
Here Θ is the Heaviside step function: Θ(x) = 1 for
x > 0 and vanishes elsewhere. α is the coupling strength,
ω0, ωc are lower and upper cutoff frequencies respectively.
Without loss of generality, we set ω0 = 0.1∆, ωc = 10∆
in the rest of the paper. We focus on the initial state of
a product state for both zero(β →∞) and finite temper-
ature cases:
ρ(0) = |e〉〈e| ⊗ ρB(β) (16)
where |e〉 is the excited qubit state as σz |e〉 = |e〉 and
ρB(β) = e
−βHenv/Tr
(
e−βHenv
)
is the thermal equilibrium
state of the environment.
The QZE(QAZE) can be described by the survival
probability Psur(t = nτ) which is defined as the prob-
ability of finding the initial state after n successive mea-
surements with equal time interval τ . The measurement
considered in this paper is assumed to be an ideal pro-
jection known as the wave-packet collapse postulation[44]
which states that the measured quantum system(qubit)
is completely collapsed to its initial state after instanta-
neous measurement. Consequently, the survival proba-
bility under successive measurements can be written as:
Psur(t = nτ) = Tr
[
PMe
−iHτρ(0, β)eiHτPM
]n
= Pnsur(τ)
(17)
where PM = |e〉〈e| is measurement projecting operator.
In the short interval time limit τ → 0, one can further
write Psur(t = nτ) in an exponentially decay form[6, 25]:
Psur(nτ) = exp(−Γ(τ)t) (18)
where Γ(τ) is an effective decay rate:
Γ(τ) = − 1
τ
ln [Psur(τ)] (19)
This effective rate Γ(τ) is valid, only if the system-bath
coupling strength is weak enough or the measurement
is performed sufficiently fast. Hence, the memory effect
between measurements can be neglected. One can ex-
pect that this measurement induced non-markovian ef-
fect should have a significant influence on the QZE and
QAZ in the 1/f noise bath due to its long time correla-
tions. The general definition of the survival probability
that incorporates such non-markovian effect can be mod-
ified as[45, 46]:
Psur(t = nτ) = Tr
[(
PMe
−iHτ
)n
ρ(0, β)
(
eiHτPM
)n]
=
n∏
i=1
P˜sur(τ, i) (20)
where P˜sur(τ, i) is the ith measurement survival proba-
bility whose initial state(renormalized) is obtained from
(i − 1)th measurement projection. Although the decay
of the modified survival probability (20)may not follow
an exponential form, the effective decay rate defined in
Eq.(19) can still be regarded as a quantity to describe the
speed of survival probability’s decay due to the mono-
tonic relation between Γ and Psur. However, Γ now is de-
pendent on both measurement interval τ and the number
of measurements n = t/τ :
Γ(τ, t = nτ) = − 1
nτ
ln [Psur(t = nτ)] (21)
5The effective decay rate Γ(τ, t = nτ) is crucial quan-
tities to characterize QZE and QAZ[7, 8], and reduces
to Γ(τ) at Eq. (19) by taking n = 1. However, The di-
rection application of Γ at Eq. (21) may be inconvenient
for numerical methods. In this paper, we alternatively
adopt a derivative of Γ, namely ∂Γ
∂τ
, to classify QZE and
QAZE: ∂Γ
∂τ
> 0 means that the system is more severely
slowed-down by faster repeated measurements, indicat-
ing the occurrence of QZE; on the contrary, ∂Γ
∂τ
< 0 can
be regarded as the characteristic of QAZE since the de-
cay is accelerated by frequent measurements. This defini-
tion retains the core physical picture of QZE and QAZE
without calculating Γ0, which has been commonly used
in recent studies[9, 24, 45]. Throughout this paper, we
use this new definition of QZE and QAZE.
A. zero temperature case
We firstly analyze the QZE at zero temperature, as
shown in Fig(3). We calculate the P˜sur(τ, i) at each
measurement with ∆τ = 0.5. For the weak coupling
strength(α/∆2 = 0.1), the time evolutions of P˜sur(τ, i)
stay unchanged indicating that the system as well as its
environment collapse to the same initial state (16) after
each instantaneous measurement. Interestingly, with the
increase of the coupling strength(α/∆2 = 1.0 ∼ 2.0 ),
P˜sur(τ, i) exhibit a relaxation process: the measurement-
induced non-Markovian effect breaks the periodicity of
the evolution observed in the weak coupling regime and
drives the system along with the environment to a new
dynamical-equilibrium state in the long time scale. We
can observe a suppression of the decay of P˜sur(τ, i) with
the increase of measurement number i. An intuitive
explanation can be given as the return of the energy
back-flow from the environment which repopulates the
qubit to the initial excited state. With the considera-
tion of the measurement-induced non-Markovinity, the
measurement projections partially retain the energy of
the bath stored in the pervious free evolution(compared
to the thermal equilibrium state at zero temperature).
In the next evolution-measurement cycle, this excited
bath pumps the energy back to the system, assists to
increase the population of the excited(initial) state of
the qubit. This repopulation assisted by measurements
has also been studied in the framework of dynamic in-
terpretation of QZE in ref[47], where measurements are
realized by coherently pumping to a third level and spon-
taneously decay back to the the lower state. Hence, we
can infer that with the increase of the system-bath cou-
pling strength as well as the measurement interval τ , this
effect of the energy back-flow will more seriously repop-
ulate the qubit, leading to a greater suppression of the
decay of the survival probability P
(i)
sur.
To show the validity of this inference, we analyze the
influence of the measurement-induced disturbance on the
survival probability. In Fig(4), we calculate Psur(t) for
different measurement intervals τ from weak to strong
coupling strengths. For the weak coupling strength
(α/∆2 = 0.1), the memory effect of the bath between
nearest measurements can be neglected and the bath is
recovered to the original thermal equilibrium state after
each projecting. Thus Psur demonstrates an exponential
decay as predicted by previous studies. However, when
increasing α to α/∆2 = 0.5, the dynamical behaviours
of the decay of Psur gradually deviate from an exponen-
tial form with increase of the measurement interval τ . A
suppression on the decay of Psur is observed compared
to results without considering the measurement-induced
non-Markovian effect(dashed line). This suppression ef-
fect are more serious when further increase the coupling
strength to α/∆2 = 1.0 even for a short measurement
interval ∆τ > 0.2. Interestingly, we can observe an in-
tersection of Psur between ∆τ = 0.2 and ∆τ = 0.4, 0.8
in (4.c). As a consequence, we find a novel crossover
from pure QZE in the short time scale(or small measure-
ment number n) to a QZE-QAZE transition in the long
time scale(or large measurement number). It is entirely
induced by the non-Markovian feedback of the environ-
ment through repetitive measurements.
To show this novel crossover clearly, we calculate the
time-dependent effective decay rate Γ(τ, t) for different
coupling strength and measurement intervals, as shown
in Fig(5). For the weak coupling strength α/∆2 = 0.1,
Γ(τ, t) monotonically increase with the increase of the
measurement interval τ , demonstrating a QZE accord-
ing to the definition. Nevertheless, Γ(τ, t) hardly vary
with t, indicating that the bath memory effect between
measurements is weak and the evolution has little de-
pendence on the measurement number. By increasing
the coupling strength to α/∆2 = 0.5(Fig(5.b)), an ob-
vious suppression of the Γ(τ, t) with the increase of t
can be observed, especially for relatively large measure-
ment intervals(∆τ > 1.0). It is astonishing that we find
a novel crossover of pure-QZE to QZE-QAZE behaviour
along t(or the measurement number): the effective de-
cay rate Γ(τ, t) monotonically increases with τ showing a
pure QZE in the short time scale(∆t < 8). However, in
the long time scale(∆t > 10), the effective decay rate
Γ(τ, t) first increases and then decreases with the in-
crease of the measurement interval. As already shown
in Fig(4), the alteration of the initial bath state caused
by each measurement projection leads to a relaxation
process in which the decay of the survival probability is
gradually suppressed. It is this long time accumulation of
the suppression which results in this time-scale-divided
crossover. By further increasing the coupling strength
to α/∆2 = 1.0(Fig(5.c)), a more remarkable suppression
to Γ(τ, t) can be observed even for short measurement
intervals ∆τ ≈ 0.4.
It should be noted that this repopulation phenomenon
is different from the case of the bath with power-law spec-
tral function(Ohmic and sub-Ohmic bath) in our previ-
ous study[24]. In that case, we observed an increase of
the decay rate for Psur due to the similar consideration of
the measurements disturbance to the environment. This
60 10 20 30 40
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FIG. 3: (Color online) The evolution of the qubit’s survival
probability for each measurement number with ∆τ = 0.5 at
zero temperature. For the weak coupling strength α/∆2 =
0.1(solid line), Psur almost keeps unchanged, which indicates
the validity of Eq. (17). For the strong coupling strength
α/∆2 = 1.0, 2.0(dashed and dashed-dot line) P˜sur(τ, i) grad-
ually evolves towards a steady value, showing that successive
measurements drive the qubit with its environment into a new
dynamical equilibrium state.
suggest that the role of this measurement-induced non-
Markovian effect on the survival probability Psur is sen-
sitive to the bath spectral function and has a significant
connection to the multi-photon excitation process due to
the strong coupling strength between TLS and its envi-
ronment. This is beyond the scope of this paper and will
be studied in the future.
B. finite temperature case
In this section, we extend our study to the finite tem-
perature case. In order to understand the role of the
thermal fluctuation during repeated measurements, we
first calculate Psur(t) for different temperature, as shown
in Fig (6.a). When the measurement interval is relatively
short(∆τ = 0.4), the finite temperature effect has almost
no influence on dynamics of Psur(t). By increasing the
interval to ∆τ = 0.8, opposite effect of the finite temper-
ature depending on the time-scale t can be observed: on
the one hand, Psur(t) is suppressed with the increase of
the temperature in the short time regime before ∆t < 4;
on the other hand, higher temperature leads to a faster
decay of Psur(t) for ∆t > 4 until the dynamical equi-
librium state is reached. The typical time that dividing
the suppression or enhancement of the Psur(t) decay is
advanced by increasing the measurement interval, as for
∆τ = 1.6 the suppression of the decay only lasts for first
two rounds of measurements(∆t ≈ 3). The suppression
of Psur(t) caused by finite temperature can be qualita-
tively described by the noninteracting blip approxima-
tion (NIBA)[48]. Including the Born approximation and
Silbey-Harris transformation[49], NIBA can be realized
0 10 20
∆t
0 10 20
∆t
0 10 20
∆t
0
0.2
0.4
0.6
0.8
1
P s
u
r(t)
∆τ = 0.1
∆τ = 0.2
∆τ = 0.4
∆τ = 0.8
Eq. (18)
(a)  α/∆2 = 0.1 (b)  α/∆2 = 0.5 (c)  α/∆2 = 1.5
FIG. 4: (Color online) The survival probability Psur with dif-
ferent measurement intervals from weak to strong coupling
strengths. For the weak coupling strength(α/∆2 = 0.1), the
exponential decay rate is still valid and a Zeno effect is pre-
dicted. However, for α/∆2 = 0.5, the decay of Psur gradually
deviates from the exponential form with increase of measure-
ment interval τ . Such deviation is more apparent in the strong
coupling regime(α/∆2 = 1.5) where the decay of Psur demon-
strates an obvious suppression for ∆τ = 0.4, 0.8 compared to
the relatively shorter measurement intervals ∆τ = 0.1, 0.2 af-
ter several measurements. This demonstrates a crossover from
Zeno to anti-Zeno along time in the strong coupling regime.
FIG. 5: The effective decay rate Γ(τ, t) for different coupling
strength (a)α/∆2 = 0.1 ,(b)α/∆2 = 0.5, (c)α/∆2 = 1.0. (a):
Γ(τ, t) monotonically increases with τ for the whole range of
t, demonstrating an pure QZE in the weak coupling regime
for both short and long time scale. (b): Γ(τ, t) suffer an obvi-
ous suppression with the increase of t, especially for relatively
large measurement intervals(∆τ > 1). This leads to an obvi-
ous division along t where pure QZE is observed in the short
time scale(∆t < 10) while QZE-QAZE crossover in the long
time scale(∆t > 10). (c): The suppression of the decay rate
Γ(τ, t) is more remarkable in the long time scale, even for
short measurement intervals ∆τ ≈ 0.15.
7based on the second-order perturbation master equation.
Then, the evolution of 〈σz(t)〉(which is proportional to
Psur(t) ) in a thermal bath can be written as:
d〈σz(t)〉
dt
+
∫ t
0
f(t− t′)〈σz(t′)〉dt′ = 0 (22)
with the kernel function f(τ) defined as:
f(τ) = ∆2 cos [Q1(τ)] exp[−Q2(τ)]
Q1(τ) ≡
∫ ∞
0
sin(ωτ)J(ω)dω/ω2
Q2(τ) ≡
∫ ∞
0
[1− cos(ωτ)] coth(1
2
βω)J(ω)dω/ω2 (23)
In the short time regime, the environment is still close to
the thermal equilibrium state and equations above can be
regard as valid. By increasing the temperature, Q2(τ) is
increased while f(τ) is decreased for all τ . This leads to
the suppression of the non-Markovian effect represented
by the integration of the kernel function. Consequently,
the energy driven from the bath as well as the decay
Psur(t) is obstructed due to thermal fluctuations. In the
long time regime during which the qubit and the bath re-
lax to the dynamical steady state, it is the repopulation
induced by the backflow of the energy from the environ-
ment to the system that dominates the dynamics. The
suppression of the the energy driven from the system in
the short time regime now again affects this repopula-
tion process: a less energy-absorbed environment results
in less capability to repopulate the qubit. Both the short
time and long time effects of the thermal fluctuations re-
duce the difference between pure QZE in the short scale
and QZE-QAZE transition in the long time scale . In
Fig(6.b), we show the effective decay rate Γ(τ, t) for the
temperature of βωc = 15 and α/∆
2 = 0.5. Compared
with Fig(5.b), one can find that Γ(τ, t) is obviously sup-
pressed for ∆τ > 1 where the maximal value decreases
from Γ = 3.0 at zero temperature to Γ = 1.5. On the
other hand, the disappearance due to the temperature
induced suppression of the survival probability in short
time scale. In conclusion, the finite temperature induces
two opposite effects to the survival probability according
to the time scale:the thermal fluctuations raise an addi-
tional suppression of decay of the survival probability in
the short time scale while enhances the decay rate in long
time scale. This finally make the transition of QZE to
the crossover of QZE-QAZE along measurement number
more difficult to observe.
IV. CONCLUSION
In summary, we study the QZE and QAZE of a qubit
interacting with an environment of 1/f noise with a nu-
merically exact method based on the combination of
MPS and TFD. By considering the non-Markovian ef-
fect induced by measurements which alters the initial
FIG. 6: The influence of the temperature on the survival prob-
ability Psur(t) and effective decay rate Γ(τ, t) :(a): The evo-
lution of Psur(t) for different measurement intervals ∆τ =
0.4, 0.8, 1.6(star,circle,triangle) at βωc = 25. Similar to the
case of zero temperature, successive measurements drive Psur
to a constant, indicating the formation of the dynamical
steady state. (b) The evolution of Psur(t) at different temper-
ature βωc = 10, 25, 50(square,triangle,circle) for ∆τ = 0.8.
The decays of Psur(t) are increasingly suppressed with the
increase of the temperature in the short time regime while
enhanced in the long time regime. (c): Effective decay rate
Γ(τ, t) for the coupling strength α/∆2 = 0.5 at the finite
temperature βωcu = 15. The crossover of the QZE-AQZE
occurred at zero temperature in the long time regime (in
Fig(5.b)) can hardly be observed in this case. Note to make
the figure clear, only data of Psur(t) just before measurement
projection are presented in Fig (6.(a)).
state of the bath after each measurement projection, the
evolution demonstrates a relaxation process that drives
both qubit and the bath to an non-equilibrium dynamical
steady state. The effective decay rate Γ(τ, t = nτ) under
this situation is dependent on both measurement interval
τ and evolution time t(or number of measurementsn). At
zero temperature, we observe a novel transition from a
pure QZE in the short time scale(small n) to a crossover
of QZE-QAZE in the long time scale(large n) with the
increase of system-bath coupling strength. This is due
to the energy back-flow from the bath which repopulates
the qubit to the initial excited state and suppresses the
decay of the survival probability. Moreover, we general-
ized our study to the finite temperature case. We find
that the thermal fluctuations raise an additional suppres-
sion of decay of the survival probability in the short time
scale while enhances the decay rate in long time scale.
V. ACKNOWLEDGEMENT
Chen Wang is supported by the National Natural Sci-
ence Foundation of China under Grant Nos. 11704093
and 11547124. Qing-hu Chen is supported by the Na-
tional Natural Science Foundation of China under Grant
Nos.11674285 and 11474256.
8[1] Adriano Barenco, Andre Berthiaume, David Deutsch,
Artur Ekert, Richard Jozsa, and Chiara Macchiavello.
Stabilization of quantum computations by symmetriza-
tion. SIAM Journal on Computing, 26(5):1541–1557,
1997.
[2] Almut Beige, Daniel Braun, Ben Tregenna, and Peter L
Knight. Quantum computing using dissipation to remain
in a decoherence-free subspace. Physical Review Letters,
85(8):1762, 2000.
[3] Noam Erez, Goren Gordon, Mathias Nest, and Gershon
Kurizki. Thermodynamical control by frequent quantum
measurements. arXiv preprint arXiv:0804.2178, 2008.
[4] AG Kofman and G Kurizki. Acceleration of quan-
tum decay processes by frequent observations. Nature,
405(6786):546, 2000.
[5] P Facchi and S Pascazio. Spontaneous emission and life-
time modification caused by an intense electromagnetic
field. Physical Review A, 62(2):023804, 2000.
[6] P Facchi, H Nakazato, and S Pascazio. From the quan-
tum zeno to the inverse quantum zeno effect. Physical
Review Letters, 86(13):2699, 2001.
[7] H Zheng, SY Zhu, and MS Zubairy. Quantum zeno and
anti-zeno effects: without the rotating-wave approxima-
tion. Physical review letters, 101(20):200404, 2008.
[8] Xiufeng Cao, JQ You, H Zheng, AG Kofman, and Franco
Nori. Dynamics and quantum zeno effect for a qubit in
either a low-or high-frequency bath beyond the rotating-
wave approximation. Physical Review A, 82(2):022119,
2010.
[9] Wei Wu and Hai-Qing Lin. Quantum zeno and anti-zeno
effects in quantum dissipative systems. Physical Review
A, 95(4):042132, 2017.
[10] Yoshitaka Tanimura and Ryogo Kubo. Time evolution
of a quantum system in contact with a nearly gaussian-
markoffian noise bath. Journal of the Physical Society of
Japan, 58(1):101–114, 1989.
[11] Xiaolei Yin, Jian Ma, Xiaoguang Wang, and Franco
Nori. Spin squeezing under non-markovian channels
by the hierarchy equation method. Physical Review A,
86(1):012308, 2012.
[12] Arend G Dijkstra and Yoshitaka Tanimura. Non-
markovian entanglement dynamics in the presence
of system-bath coherence. Physical review letters,
104(25):250401, 2010.
[13] Chen Wang and Qing-Hu Chen. Exact dynamics of quan-
tum correlations of two qubits coupled to bosonic baths.
New Journal of Physics, 15(10):103020, 2013.
[14] Pulak Dutta and PM Horn. Low-frequency fluctuations
in solids: 1 f noise. Reviews of Modern physics, 53(3):497,
1981.
[15] Luca Chirolli and Guido Burkard. Decoherence in solid-
state qubits. Advances in Physics, 57(3):225–285, 2008.
[16] Y Nakamura, Yu A Pashkin, T Yamamoto, and Jaw-Shen
Tsai. Charge echo in a cooper-pair box. Physical review
letters, 88(4):047901, 2002.
[17] Rutger Vrijen, Eli Yablonovitch, Kang Wang, Hong Wen
Jiang, Alex Balandin, Vwani Roychowdhury, Tal Mor,
and David DiVincenzo. Electron-spin-resonance transis-
tors for quantum computing in silicon-germanium het-
erostructures. Physical Review A, 62(1):012306, 2000.
[18] PM Platzman and MI Dykman. Quantum comput-
ing with electrons floating on liquid helium. Science,
284(5422):1967–1969, 1999.
[19] QA Turchette, BE King, D Leibfried, DM Meekhof,
CJ Myatt, MA Rowe, CA Sackett, CS Wood, WM Itano,
C Monroe, et al. Heating of trapped ions from the
quantum ground state. Physical Review A, 61(6):063418,
2000.
[20] Heinz-Peter Breuer and Francesco Petruccione. The the-
ory of open quantum systems. Oxford University Press
on Demand, 2002.
[21] Guido Burkard. Non-markovian qubit dynamics in the
presence of 1/f noise. Physical Review B, 79(12):125317,
2009.
[22] Je´roˆme Bourassa, Jay M Gambetta, Abdufarrukh A Ab-
dumalikov Jr, Oleg Astafiev, Y Nakamura, and A Blais.
Ultrastrong coupling regime of cavity qed with phase-
biased flux qubits. Physical Review A, 80(3):032109,
2009.
[23] Abdufarrukh A Abdumalikov Jr, Oleg Astafiev, Ya-
sunobu Nakamura, Yuri A Pashkin, and JawShen Tsai.
Vacuum rabi splitting due to strong coupling of a flux
qubit and a coplanar-waveguide resonator. Physical re-
view b, 78(18):180502, 2008.
[24] Shu He, Qing-Hu Chen, and Hang Zheng. Zeno and anti-
zeno effect in an open quantum system in the ultrastrong-
coupling regime. Physical Review A, 95(6):062109, 2017.
[25] Sabrina Maniscalco, Jyrki Piilo, and Kalle-Antti Suomi-
nen. Zeno and anti-zeno effects for quantum brownian
motion. Physical review letters, 97(13):130402, 2006.
[26] A Montina and FT Arecchi. Quantum decoherence re-
duction by increasing the thermal bath temperature.
Physical review letters, 100(12):120401, 2008.
[27] Ine´s de Vega and Daniel Alonso. Dynamics of non-
markovian open quantum systems. Reviews of Modern
Physics, 89(1):015001, 2017.
[28] B Militello, M Scala, and A Messina. Quantum zeno
subspaces induced by temperature. Physical Review A,
84(2):022106, 2011.
[29] Jutho Haegeman, Christian Lubich, Ivan Oseledets, Bart
Vandereycken, and Frank Verstraete. Unifying time
evolution and optimization with matrix product states.
Physical Review B, 94(16):165116, 2016.
[30] Raffaele Borrelli and Maxim F Gelin. Quantum electron-
vibrational dynamics at finite temperature: Thermo field
dynamics approach. The Journal of chemical physics,
145(22):224101, 2016.
[31] Gerhard Ritschel, Daniel Suess, Sebastian Mo¨bius, Wal-
ter T Strunz, and Alexander Eisfeld. Non-markovian
quantum state diffusion for temperature-dependent lin-
ear spectra of light harvesting aggregates. The Journal
of chemical physics, 142(3):01B617 1, 2015.
[32] Masuo Suzuki. Thermo field dynamics in equilibrium and
non-equilibrium interacting quantum systems. Journal of
the Physical Society of Japan, 54(12):4483–4485, 1985.
[33] Masuo Suzuki. Density matrix formalism, double-space
and thermo field dynamics in non-equilibrium dissipa-
tive systems. International Journal of Modern Physics
B, 5(11):1821–1842, 1991.
[34] SM Barnett and PL Knight. Thermofield analysis of
squeezing and statistical mixtures in quantum optics.
JOSA B, 2(3):467–479, 1985.
9[35] Yasushi Takahashi and Hiroomi Umezawa. Thermo field
dynamics. International journal of modern Physics B,
10(13n14):1755–1805, 1996.
[36] Alex W Chin, A´ngel Rivas, Susana F Huelga, and Mar-
tin B Plenio. Exact mapping between system-reservoir
quantum models and semi-infinite discrete chains us-
ing orthogonal polynomials. Journal of Mathematical
Physics, 51(9):092109, 2010.
[37] Ulrich Schollwo¨ck. The density-matrix renormalization
group in the age of matrix product states. Annals of
Physics, 326(1):96–192, 2011.
[38] Florian AYN Schro¨der and Alex W Chin. Simulating
open quantum dynamics with time-dependent variational
matrix product states: Towards microscopic correlation
of environment dynamics and reduced system evolution.
Physical Review B, 93(7):075105, 2016.
[39] Masuo Suzuki. Fractal decomposition of exponential
operators with applications to many-body theories and
monte carlo simulations. Physics Letters A, 146(6):319–
323, 1990.
[40] Eyal Leviatan, Frank Pollmann, Jens H Bardarson, and
Ehud Altman. Quantum thermalization dynamics with
matrix-product states. arXiv preprint arXiv:1702.08894,
2017.
[41] Daniel Jaschke, Kenji Maeda, Joseph D Whalen,
Michael L Wall, and Lincoln D Carr. Critical phenomena
and kibble–zurek scaling in the long-range quantum ising
chain. New Journal of Physics, 19(3):033032, 2017.
[42] Yoshitaka Tanimura. Stochastic liouville, langevin,
fokker–planck, and master equation approaches to quan-
tum dissipative systems. Journal of the Physical Society
of Japan, 75(8):082001, 2006.
[43] Yun-An Yan and Jiushu Shao. Stochastic description
of quantum brownian dynamics. Frontiers of Physics,
11(4):110309, 2016.
[44] John Von Neumann. Mathematical foundations of quan-
tum mechanics. Number 2. Princeton university press,
1955.
[45] Adam Zaman Chaudhry and Jiangbin Gong. Zeno
and anti-zeno effects on dephasing. Physical Review A,
90(1):012101, 2014.
[46] Zixian Zhou, Zhiguo Lu¨, Hang Zheng, and Hsi-Sheng
Goan. Quantum zeno and anti-zeno effects in open quan-
tum systems. Physical Review A, 96(3):032101, 2017.
[47] Qing Ai, Dazhi Xu, Su Yi, AG Kofman, CP Sun, and
Franco Nori. Quantum anti-zeno effect without wave
function reduction. Scientific reports, 3, 2013.
[48] H Dekker. Noninteracting-blip approximation for a two-
level system coupled to a heat bath. Physical Review A,
35(3):1436, 1987.
[49] Robert Silbey and Robert A Harris. Variational cal-
culation of the dynamics of a two level system inter-
acting with a bath. The Journal of chemical physics,
80(6):2615–2617, 1984.
